Abstract. It is proved that any complete minimal surfaces in R" (n > 3) with total curvature -Air is conformally equivalent to the complex plane or the punctured plane, just like the case in R3.
1. Introduction. It has long been observed that complex analysis has a deep and fundamental influence in the theory of minimal surfaces. The object of this paper is to give another concrete example of such application. In fact, we will use some basic properties of the elliptic functions to show that there exists no complete minimal surface (immersed and orientable) of genus 1 in some euclidean space, with total curvature -Air. (It has been shown by Chern and Osserman [3] that any complete minimal surface in euclidean space, with finite total curvature, is conformally equivalent to some compact Riemann surface punctured at a finite number of points.)
This work was initially motivated by trying to understand the complete minimal surfaces in R" (n > 3) with total curvature -Air. Why n > 3? Because Osserman [7] has shown that the only complete minimal surfaces in R3, with total curvature -An, are the catenoid and Enneper's surface. After analysing the Gauss-Bonnet type inequality given by Chern and Osserman [3] , we were obliged to solve a problem similar to Hopfs conjecture for compact surfaces in R3 of genus 1, with constant mean curvature. The problem is whether there exists a complete minimal surface of genus 1 in some euclidean space, with total curvature -Air. By analysis of elliptic functions, we obtained a negative result. In fact, this result is equivalent to saying that any complete minimal surface in R", with total curvature -Am, is conformally equivalent to the complex plane or the punctured plane, just like the case in R3.
Finally, we would like to express our sincere gratitude to Professor Karl Otto Sthor, at IMPA, Rio de Janeiro, Brazil, for introducing us to the characteristic properties of the Weierstrass P function, and, to Professor Manfredo P. do Carmo, at IMPA, and to our colleague Professor Plinio Simôes, for useful discussions on some technique details during the preparation of this paper. The Gauss map g: M -^p"~x(C)is defined by
in terms of homogeneous coordinates. In fact, g(f ) represents the oriented tangent plane generated by 3x(f )/3£, and 3x(f )/3£2. For details see [3] .
(B) Elliptic functions. By a lattice in the complex plane C we shall mean a subset of the form
where wx, w2 are two R-linearly independent vectors in C. An elliptic function, with respect to L, is a meromorphic function on C which is L-periodic, i.e.
for all w £ L.
The well-known Weierstrass P function, associated to L, is defined by
with L' = L -{0}, which is elliptic with poles of order 2 in L. It is known that [6, p. 8] (2.9) the field of elliptic functions, with respect to L, is generated by P and P'.
3. Statement and the proof of the theorem.
Theorem. Let S be a complete minimal surface in R", given by x: M2 -» R", with total curvature C(S) = -Ait. Then S is conformally equivalent to the complex plane or the punctured plane.
Equivalently, there exists no complete minimal surface in R" of genus 1 and with total curvature -4ir.
Proof. Since the surface is orientable, we use isothermal parameters to put a Riemann surface structure on the manifold M. Since S has finite total curvature, it is known that [3] M is conformally equivalent to a compact Riemann W punctured at a finite number of points/?,, . . . ,pr,r > 1; and the global differentials <t>k(Ç)dÇ are meromorphic at each/^. Case (i) means that S is conformally equivalent to C or C -{0}. Therefore it rests to prove that the case (ii) can never happen. Now assume y = 1 and r = 1, then M = W -{p} and the differentials, <j>k(Ç)dÇ are meromorphic at p. From C(S) = -Air, we have that (3. 3) the total order of intersection of the image of the extended Gauss map g: W-*p"~l(C), with each hyperplane in P"~X(C) which does not contain g(W), is 2 [3] . Now let us look at the universal covering space X of W, and pass the conformai structure of W to X. Then X is conformally equivalent to the complex plane. Now let a = a + iß, b = ¿7 + io in real and imaginary parts. From (2.1), (2.9), (3.11) and the proof of our previous work [1] , we have that a, ß, it, v are linearly independent in R". (3.12) Now from (2.4), we have that
where hx and h2 are the real and imaginary parts of the Weierstrass zeta function ¡(z) = ¡\P(z)dz. Since x is doubly periodic in C -L, then from (3.12), we can conclude that the linear function £,«-&» (3.14)
is doubly periodic in the (£,, £2)-plane which leads to a clear contradiction.
Q.E.D. 4 . Remarks. (1) By our result we can see that it would be interesting to classify the set of complete minimal surfaces in R" with total curvature -4ir. In fact, we know that the simply-connected ones lie in R6 and the doubly-connected ones lie in R5, which can be seen by a similar analysis of the Gauss map, as done in [1] and [2] (or see [4] ).
(2) We can use the Weierstrass P function to construct complete minimal surfaces of genus 1 and connectivity 1 (i.e. r = 1) in R" with finite total curvature. In fact P'(z)a + P(z)b, z £ C -L, will induce a complete minimal surface of genus 1 and connectivity 1 in C2 = R4, with total curvature -8tt, where a and b are two suitably chosen vectors in C2 (in order to avoid singularity).
(3) Thus, it would be very interesting to know whether we can use the Weierstrass P function to construct complete minimal surfaces of genus 1 and connectivity c (c < 3) in R3, so that they complement examples of different topological structure to the ones given by Klotz and Sario [5] . Several attempts have failed.
(4) From our result we can see that the Chern-Osserman inequality C(S) < 2-n(x -r), at least in special cases, is not sharp in terms of the genus of the complete minimal surfaces. A natural task, therefore, would be to give a more precise description of the relationship between the total curvature and the topological structure of the surfaces. One can even associate this relationship to the dimensions of the ambient spaces.
Final note. It seems that we know the answers of the questions posed by Gackstatter [4] at the end of his paper.
(1) There do exist complete minimal surfaces of total curvature -2tt, and they are given in [1] .
(2) There do exist complete minimal surfaces of total curvature -4ir, other than Enneper's surface and the catenoid. For example, the holomorphic curve associated to Enneper's surface and the example given in [2] for doubly-connected case.
(3) We can use complex polynomials to construct simply connected holomorphic curves lying fully in Cm. Then by the method of Calabi [0] , the complete minimal surfaces isometric to those holomorphic curves lie between Rm and R2m, and possess finite total curvature. Therefore their dimensions (in the sense of Gackstatter) are greater or equal to m. With m arbitrary, we cannot expect an upper bound for all the dimensions of the class of complete minimal surfaces, with finite total curvature.
